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Abstract. Radial stagnation flow of strain ratek impinging on a cylinder with uniform transpirationU0 and
rotating at constant angular velocity! is investigated. An exact reduction of the Navier-Stokes equations to
a primary nonlinear equation for the meridional flow similar to that found by Wang and a secondary linear
equation for the azimuthal flow is obtained. The governing parameters are the stagnation-flow Reynolds number
R = ka2=2�, the dimensionless transpirationS = U0=ka, and the dimensionless rotation rate
 = !=k, where
a is the cylinder radius and� is the kinematic viscosity of the fluid. The boundary-value problem is solved by
numerical integration and by asymptotic analysis in certain limits. The results are succinctly summarized in plots
of the axial and azimuthal shear-stress parameters as functions ofR andS. Sample velocity profiles, meridional
streamfunction plots, and projections of particle paths for both suction and blowing are given. An interesting
double-layer structure in the azimuthal velocity profile, consisting of a removed free shear layer connected to a
wall boundary layer, is observed at large values of blowing. This feature is consistent with results obtained from
the asymptotic analysis.
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1. Introduction

We investigate the nature of axisymmetric radial stagnation flow on a rotating circular cylinder
with uniform transpiration, including both suction and blowing. This study extends the work
of Wang [1], who first reported the solution for steady radial stagnation flow impinging on a
stationary cylinder with impermeable walls. Both Wang’s solution and the results presented
here represent exact steady-flow solutions of the Navier-Stokes equations. A review of such
exact solutions of the Navier-Stokes equations has been given by Wang [2]. In that review,
and elsewhere, one finds papers by Gorla [3, 4, 5] dealing with steady and unsteady flow
extensions of the radial stagnation flow problem, and also several other papers by Gorla that
consider the radial stagnation flow of non-Newtonian fluids. The effects of cylinder rotation
and wall suction, perhaps of interest in certain special manufacturing processes, have not yet
been considered.

The classical two-dimensional Hiemenz [6] and three-dimensional Homann [7] stagnation
flows describe situations where fluid impinges normally onto a flat surface and spreads
out bidirectionally or radially along the surface, away from a single stagnation point. The
stagnation flow depicted in Figure 1, on the other hand, consists of a radially inward flowing
stream impinging normally on a cylindrical surface and spreading out axially away from a
stagnation circle. While Hiemenz and Homann stagnation-point flows represent self-similar

� Permanent address: Department of Mechanical Engineering, Campus Box 427, University of Colorado,
Boulder, CO 80309 USA

Shirley INTERPRINT: (K.B. 6) PIPS Nr.:144643 ENGI
engi591.tex; 30/01/1998; 13:28; v.7; p.1



114 G. M. Cunning et al.

Figure 1. Schematic diagram of a rotating cylinder with uniform transpiration under radial stagnation flow. Also
shown is the fixed cylindrical coordinate system(r; �; z).

reductions of the Navier-Stokes equations, radial stagnation flow does not. This is due to
inherent curvature effects that cannot be scaled out of the problem [1].

The presentation is as follows. The governing equations of motion and their reduction to a
coupled set of ordinary differential equations are given in Section 2 along with a discussion
of the numerical solution procedure. Certain asymptotic results for large values of suction
and blowing Reynolds numbers are presented in Section 3. The numerical solutions given in
Section 4 are compared with the asymptotic behaviours and boundary-layer structures found in
Section 3 in the large-suction and large-blowing limits. A discussion of results and concluding
remarks are given in Section 5.

2. Problem formulation and solution procedure

Flow is considered in cylindrical coordinates(r; �; z) with associated unit vectors(er;e�;ez)
and velocity components(u; v; w). A cylinder with radiusa having infinite axial extent is
centered onr = 0. The cylinder rotates at constant angular rate!, and uniform normal
transpirationU0 at the cylinder surface may occur. An external axisymmetric radial stagnation
flow characterized by strain ratek impinges on the cylinder. The flow configuration is depicted
in Figure 1 where it may be noted thatU0 > 0 corresponds to suction into the cylinder.

The steady flow is governed by the equation of continuity and the viscous incompressible
Navier-Stokes equations

r � u = 0; (1)
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Radial stagnation flow on a rotating circular cylinder 115

(u �r)u = �1
�
rp+ �r2u; (2)

wherep, �, and� are the fluid pressure, density, and kinematic viscosity. Asr ! 1, the
viscous flow approaches, in a manner analogous to the Hiemenz flow, the potential stagnation
flow field given by

u = �k
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in which p0 is the stagnation pressure and the caseU0 = 0 is that discussed by Wang [1].
The presence of the stagnation flow allows the condition of zero circulation at infinity to be
imposed on the swirl velocity.

A reduction of the Navier-Stokes equations is obtained by the following coordinate sepa-
ration of the velocity field

u = �k ap
�
f(�); v = !

ap
�
g(�); w = 2kf 0(�)z; p = �k2a2P; (5)

where� = (r=a)2 is the dimensionless radial variable. The solution form (5) satisfies (1)
exactly and its insertion into (2) yields a primary equation forf , an equation forg slaved to
f , and an expression for the pressure,viz.

�f 000 + f 00 +R[1� (f 0)2 + ff 00] = 0; (6)

�g00 +Rfg0 = 0; (7)
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in whichR is a Reynolds number. On the surface of the cylinder, the axial velocity satisfies
the no-slip boundary condition, while the radial and azimuthal velocities are the imposed
transpiration rateU0 and cylinder rotation speed!a, respectively. The solution should tend
towards a displaced form of the inviscid solution (3) and (4) as� ! 1. Thus (6)–(8) must
satisfy the boundary conditions

f(1) = S; f 0(1) = 0; f 0(1) = 1; (9)

g(1) = 1; g(1) = 0; (10)

in which the vanishing ofg at infinity will be seen to be necessary. The flow depends on
the stagnation-flow Reynolds numberR, the dimensionless wall-transpiration rateS, and the
dimensionless cylinder rotation rate
, where

R =
ka2

2�
; S =

U0

ka
; 
 =

!

k
: (11)
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SinceU0 is the radially inward transpiration velocity atr = a, S > 0 corresponds to suction.
Observe also that
 is a free parameter, since it does not appear in the boundary-value problem
described by (6)–(10); however, if
 = 0 the equation forg(�) is superfluous. Solutions of
the boundary-value problem represent an exact solution of the full Navier-Stokes equations
for arbitrary positive values ofR and for arbitrary positive and negative values ofS and
.
The shear stress at the cylinder surface is calculated from the equation

� = �
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�
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where� = �� is the dynamic fluid viscosity. Thus the axial and azimuthal shear-stress
components are proportional tof 00(1) and[g0(1)� 1], respectively.

Solutions for limiting cases have been reported in the literature. The case
 = S =
0 corresponds to radial stagnation flow on a cylinder studied by Wang [1]; he presented
representative numerical solutions atR = 0:1;1;10. When the radial stagnation flow is
absent, found in the limitjSj ! 1 with the suction Reynolds number

RS = U0a=2� (13)

remaining finite, motion is driven by the cylinder rotating in a quiescent viscous fluid with
uniform boundary transpiration. This flow has solution (cf. Sherman [8, p. 159])

f = S; g = 1+
B

!a
(�1�RS � 1); w = 0; (14)

whereB is an arbitrary velocity. This yields

g = 1 (RS < 1); g = �1�RS (RS > 1); (15)

after relaxing, forRS < 1, the requirement that the circulation tends to zero as� goes to
infinity. The shear stress for this case is

� = �2�max(1; RS)! e�: (16)

The solution of (7) forg0, namely

g0(�) = g0(1)exp
�
�R

Z � f(�)

�
d�
�
; (17)

demonstrates thatg is determined fromf ; in particular, the conditionf 0(1) = 1 in (9)
implies thatg0 decays exponentially whenR 6= 0, and hence zero circulation at infinity must
be imposed.

In the present investigation, we seek exact solutions where all three physical effects of
cylinder rotation, wall transpiration, and radial stagnation flow come into play. For plotting
purposes it is convenient to introduce a dimensionless Stokes stream function ̂ defined by

 ̂ =
 

ka3 = f(�)

�
z

a

�
; (18)
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Radial stagnation flow on a rotating circular cylinder 117

where dimensional velocities(u; v) are given by(�1=r@ =@z;1=r@ =@r). Note that ̂ = 0
corresponds to the streamline passing through the symmetry planez = 0.

The boundary-value problem (6)–(10) is resolved numerically by means of a modified
nonlinear shooting method. A stiff-equation solver based on the Bulirsch-Stoer method
is employed, and the boundary values are iterated by means of the secant method. The
differential-equation solver is taken from the FORTRAN programs listed by Press,et al.
[9, pp. 718–739]. The calculations took place on a UNIX-based workstation, using double-
precision arithmetic.

The basic nonlinear shooting method was modified so that solutions could be obtained in
regions where the governing parametersR andS made the differential equations unusually
stiff or sensitive. For prescribed values ofR andS, the equations are solved as an initial-value
problem, using guesses forf 00(1) andg0(1), and integrated to sufficiently large values of�.
The solutions are iterated based on updated values off 00(1) andg0(1). Updates are determined
by a secant method on the far field conditions (9) and (10) at large�. Another level of iteration
is utilized to march the solutions to large�.

3. Asymptotic analysis

Since the boundary-value problem is governed byR andS, it is desirable to determine the
asymptotic nature of solutions for large values of these parameters where the integrations
become increasingly difficult. The problem forS = 0 andR � 1 was discussed by Wang
[1]. He showed that a transformation of dependent and independent variables can be made
that leads to the planar Hiemenz [6] problem as a first approximation forR ! 1 with an
errorO(R�1=2). Since no analytic solution of the nonlinear Hiemenz equation is available, the
asymptotic analysis for zero transpiration is solvable only with the aid of numerical integration.
However, when suction or blowing is present, we show below that the leading-order behavior
of the shear stress parameters may be obtained for large suction/blowing ifR = O(1), and for
large Reynolds number ifS = O(1), i.e. for large positive or negative values of the suction
Reynolds number defined by (13).

3.1. SUCTION ASYMPTOTICS

With large suction,S � 1, the flow is fully viscous in the vicinity of the cylinder and we
introduce appropriate boundary-layer variables by writing

� = RS(� � 1); f(�) = S +H(�)=RS: (19)

Substitution in Equations (6) and (9) and identification of the dominant terms, at largeRS,
leads to the approximate boundary-value problem governing the meridional flow

H 000 +H 00 = 0; H(0) = H 0(0) = 0; H 0(1) = 1: (20)

The solutionH = � � 1+ e�� yields, on substitution in (19), anf(�) uniformly valid in �
correct toO(1=RS), viz.

f(�) = S + (� � 1)� 1
RS

h
1� e�RS(��1)

i
: (21)
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The asymptotic suction profile and the leading-order wall-shear-stress parameter, used for
comparison with numerical solutions in Section 4, are given by

f 0(�) = 1� e�RS(��1); f 00(1) � RS (RS � 1): (22)

The above analysis follows that of Pretsch [10], as outlined in Rosenhead [11, p. 252], and
demonstrates that, for large values of S,f � S, and therefore the terms(1� f 02) can be
neglected relative toff 00 in (6).

The leading-order behavior of (21), namelyf � S for RS � 1, reduces Equation (7)
governing the azimuthal motion to the equidimensional equation�g00 + RSg0 = 0. The
asymptotic solution of (7) satisfying boundary conditions (10) and the shear stress due to the
azimuthal flow is then

g(�) = �1�RS � e�RS(��1); g0(1)� 1� �RS (RS � 1): (23)

Note that the e-folding scale(RS)�1 of g demonstrates that the azimuthal velocity is confined
to a layer of thicknessO(�=U0) adjacent to the cylinder [cf. Equation (13)].

3.2. BLOWING AYSMPTOTICS

We start from the premise that for sufficiently strong blowing, there is a region near the
cylinder wall wheref 000, which measures the streamline curvature, is negligible. Then (6)
reduces to the second-order nonlinear equation

f 00 +R(1� f 0
2
+ ff 00) = 0; (24)

which has the two-parameter family of solutions

f(�) = � 1
R
� C cos

�
� � �0

C

�
: (25)

We can satisfy the wall conditions in (9) by setting�0 = 1 andC = jSj �R�1 to obtain

f(�) = � 1
R
�
�
jSj � 1

R

�
cos

�
� � 1

jSj �R�1

�
; (26)

for values of� up toO(jSj). This is the scale of the inviscid solution, given by (21) with
(RS)�1 = 0, and corresponds, according to (11), to radii of order(jU0ja=k)1=2. The axial
shear-stress parameter in this limit is given by

f 00(1) �
�
jSj � 1

R

�
�1

(RjSj � 1): (27)

The leading two terms of this result can be formally established if we write

� = (� � 1)=jSj; f(�) = jSjF (�) (28)

in (6) to obtain

1� F 02 + FF 00 +
1

RjSj
��

1
jSj + �

�
F 000 + F 00

�
= 0: (29)
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The first two terms of the expansion

F = F0 +
1

RjSjF1 + � � � (30)

are governed, according to (29) and (9), by

1� F 020 + F0F
00

0 = 0; (31)

F 001 F0� 2F 00F
0

1 + F1F
00

0 + �F 0000 + F 000 = 0; (32)

F0(0) = �1; F 00(0) = 0; F1(0) = F 01(0) = 0: (33)

HenceF0 = � cos� and the solution forF1 is facilitated by noting thatF 00 = sin � is
a homogeneous solution of the equation forF1. However, the wall-stress contribution is
available, sinceF0 is known, without solving Equation (32) which yields directly, with the aid
of (33), thatF 001 (0) = 1. Hence, from (28) and (30)

f 00(1) = jSj�1F 00(0) � 1
jSj

�
1+

1
RjSj

�
(RjSj � 1); (34)

in agreement with (27).
The condition (9) at infinity is satisfied by

f = �jSj+ � �D2; (35)

which is a solution of (6), and a numerical integration of this third-order differential equation
is required to connect (26) and (35) with appropriate matching. Note that, if the term�f 000

were absent from (6), then an exact solution would be available, since (26) can be smoothly
matched to (35) at� = 1+ �(jSj �R�1)=2 by setting

D2 =

�
jSj � 1

R

��
�

2
� 1

�
+ 1: (36)

The scaling for the outer solution is given by (28). We need to matchF0 = cos� with the
linear function�+ const., both of which are solutions of (31). This can be achieved at� = �=2
by setting the constant equal to��=2, in agreement with (35) and (36).

We now turn to Equation (7) which is essentially solved by (17). Thus,g0 is exponentially
increasing or decreasing with� according asf is less than or greater than zero, respectively.
Whenf(�) is large and negative, as happens in a region adjacent to the cylinder, only the
constant solution satisfying the wall boundary condition in (10) is admissible yielding

g(�) = 1; g0(1)� 1 = �1 (RjSj � 1): (37)

Whenf(�) is large and positive, as happens when� is sufficiently large, the decaying solution
for g(�) is selected, as required by the zero circulation condition in (10). The transition occurs
in the interval containing the turning point in the differential equation (7) and becomes more
abrupt asjSj increases, as found numerically.
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Suppose�c is such thatf(�c) = 0. Thenf 0(�c) �= 1 and hence, near� = �c,

f � � � �c (RjSj � 1): (38)

Equation (7) is then approximated by

g00 � �R
�
� � �c

�c

�
g0; (39)

which yields the particular solution

g =
1
2

(
1� erf

"s
R

2�c
(� � �c)

#)
+O

"
1p
RjSj

#
: (40)

The exponential decay ing(�) is rapid whenRjSj � 1 because�c isO(jSj). Sog(�) changes
from 1+ O[(RjSj)�1=2] to O[(RjSj)�1=2] in an interval of widthO[(RjSj)�1=2], centered
at � = �c. The subsequent decay ofg to zero approximates a multiple of�R�c e�R(���c) as
� !1. The interesting behavior suggested above will be apparent in the numerical solutions
for blowing at largeRjSj to be presented in Section 4.

4. Presentation of results

In this section the results of the numerical integrations are presented. The shear-stress para-
meters plotted over the solution space(R;S) given in Section 4.1 are compared with the
asymptotic results for suction, valid forRS � 1, and blowing, valid forRjSj � 1. Sample
boundary-layer velocity profiles are given in Section 4.2 and their convergence to the uniform-
ly valid asymptotic suction profiles is displayed. Meridional streamline and projected pathline
plots exhibiting the three-dimensional nature of the flow are presented in Section 4.3.

The numerical integrations have been carried out over as wide a range ofR andS as
possible. However, the solution space is limited by the stiffness (sensitivity) of the differential
equations. Experimentation showed that equation stiffness increased in proportion toRjSj
for S both positive and negative. Thus, at low values ofR, solutions were obtained over a
relatively wide range ofjSj values, andvice versa.

4.1. SHEAR-STRESS PARAMETERS

The shear stress on the surface of the rotating cylinder in the presence of radial stagnation flow
with boundary transpiration is calculated from Equation (12) and their plots over the solution
space ofR andS provide a succinct summary of the numerical results. In each figure the solid
lines connect numerically computed points, while the dashed lines correspond to one of the
asymptotic results determined in Section 3.

A log-log plot of the axial shear stress parameterf 00(1) vs.R is given in Figures 2(a,b)
for selected values ofS in the range�4 6 S 6 4. ForS > 0, Figure 2(a) shows thatf 00(1)
increases with bothR andS in agreement with the suction asymptotics (22)2. The blowing
results forS < 0 presented in Figure 2(b) show that allf 00(1) curves collapse onto the low
Reynolds numberS = 0 case solved numerically by Wang (1). At large values ofR the
numerical results tend smoothly to the asymptotic prediction (27), valid forRjSj � 1. It is
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Radial stagnation flow on a rotating circular cylinder 121

Figure 2. Numerically computed shear-stress parameters plotted on log-log scale as a function ofR for selected
values ofS; axial shear-stress parameter for (a) suction and (b) blowing; azimuthal shear stress parameter for (c)
suction, and (d) blowing. The dashed curves represent asymptotic behaviors given by Equations (22)2 and (23)2
for suction at largeRS and by Equations (27) and (37) for blowing at largeRjSj.

apparent that convergence occurs at much higher values ofR asjSj decreases toward zero.
Moreover, forRjSj ! 1, the leading behavior of (37)2 is simply

f 00(1) � 1
jSj ; (41)

which matches very closely to the intercepts of the asymptotic (dashed) curves with the right
hand ordinate in Figure 2(b).

Figures 2(c,d) exhibit log-log plots of[1 � g0(1)] as a function ofR for transpiration
in the range�4 6 S 6 4. The results for suction plotted in Figure 2(c) converge to the
asymptotic behavior given by (23)2 in the same manner as the suction results forf 00(1), namely
convergence at high values ofS occurs at low values ofR, andvice versa. The blowing results
displayed in Figure 2(d) converge to the asymptotic limit (37) both asjSj ! 1 for fixed
R, and asR ! 1 for fixed jSj. In fact, the numerical results forS = �4 indicate that for
not much larger values ofjSj, the azimuthal shear stress will beindependentof the Reynolds
number, and equal to its asymptotic value.

4.2. VELOCITY PROFILES

The axial and azimuthal velocity components given in (5) are proportional tof 0(�) and
��1=2g(�), respectively. Sample velocity profiles for suction and blowing are now presented
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Figure 3. Sample suction velocity profiles; axial profiles (a) and azimuthal profiles (b) forR = 0�1; axial profiles
(c) and azimuthal profiles (d) forR = 10. The dashed profiles in (c) and (d) are asymptotic suction profiles given
by Equations (22)1 and (23)1, respectively.

for R = 0�1 andR = 10 representing typical small and large values of the stagnation flow
Reynolds number, respectively.

With S = 0 and
 = 0, Wang [1] pointed out that a fixed stagnation circle exists on the
cylinder atz = 0. With uniform blowing through a stationary porous cylinder, this circle
expands outward to become a free stagnation circle residing in the surfacer=a = (�c)

1=2 � �

of zero radial velocity. It should be borne in mind that, once
 6= 0, the free stagnation circle
becomes a circle of pure swirl owing to the finite azimuthal velocity induced everywhere in
the fluid by the rotating cylinder. With uniform suction the stagnation circle is sucked into the
porous cylinder, in which case there is no point of stagnation in the entire fluid.

Sample axial and azimuthal velocity profiles atR = 0�1 are presented in Figures 3(a,b),
respectively, for selected values of the suction parameter in the range 06 S 6 60. Similar
plots atR = 10�0 covering the range 06 S 6 4 are displayed in Figures 3(c,d). In Figure 3(d)
we have included, as dashed lines for comparison, the asymptotic forms of the axial and
azimuthal velocity distributions computed from Equations (22)1 and (23)1, respectively. Note
that the numerical and asymptotic profiles are indistinguishable atS = 4 for this value ofR.
The valueRS = 20 where the profiles come into essential agreement provides an estimate as
to how largeRS must be for the asymptotic results to be valid at other Reynolds numbers.
Noting the change of ordinate scale for results given atR = 0�1 andR = 10�0, we observe
that the thinning of the boundary layer with increasing values of bothR andS is evident.

Sample blowing velocity profiles are given in Figure 4. In these figures dots denote the
positionr=a = � of zero radial velocity. The velocity profiles atR = 0�1 displayed in Fig-
ures 4(a,b) for blowing parameters in the range�256 S 6 0 show the outward displacement
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Radial stagnation flow on a rotating circular cylinder 123

Figure 4. Sample blowing velocity profiles; axial profiles (a) and azimuthal profiles (b) forR = 0�1; axial profiles
(c) and azimuthal profiles (d) forR = 10. The dots denote the stand-off position of the stagnation circle.

of the zero radial velocity circle with increasing blowing strength. Note in Figure 4(b) that for
allS < �5, the wall slopes of the dimensionless azimuthal velocity profiles have attained their
limiting value d(v=!a)=d(r=a) = �1, in agreement with the Reynolds-number-independent
resultg0(1) = 0 in Figure 2(d) forjSj ! 1. Velocity profiles atR = 10 over the range
�1:66 S 6 0 are given in Figures 4(c,d). The same thickening of axial and azimuthal bound-
ary layers with increasing blowing strength is observed as in the low Reynolds number results,
but now a plateau centered onr=a = � appears in the azimuthal profiles at large values of
jSj. This is consistent with the composite structure of the large blowing asymptotics found in
Section 3.2. At the highest value of blowing in each of these figures we see the development
of (r=a)�1 behavior near the cylinder wall, the emergence of the viscous layer centered at
r=a = � described by the error function in Equation (40), and the final exponential decay to
zero velocity as� !1.

4.3. FLOW KINEMATICS

Although axisymmetric, the flow field is fully three-dimensional. Particle-path lines may be
found by superimposing the streamline flow in the meridional plane with the azimuthal flow
at each value ofR, S, and
. The kinematics of the motion for blowing and suction flows
will now be illustrated. The dimensionless meridional streamline field given by Equation (18)
for a suction flow withR = 1, S = 1, and
 = 40 is displayed in Figure 5(a). Notice
that all streamlines enter the cylinder normally in the meridional plane, as required by the
boundary conditions. Projected pathlines, depicting the three-dimensional nature of the flow,
corresponding to stremlineŝ = 0�2;2�0 and 20�0 are shown in Figure 5(b). The pathlines
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Figure 5. Suction streamlines (a) computed atR = 1 andS = 1 and (b) corresponding pathlines computed at

 = 40 for  ̂ = 0�2; 2�0; 20�0. Blowing streamlines (c) computed atR = 1 andS = �1 and (d) corresponding
pathlines computed at
 = 40 for  ̂ = �0�2: The stand-off distance to the cylinder of zero radial velocity is
r=a = 1�685.

approach the cylinder radially from infinity, wind around the cylinder, and ultimately enter the
porous cylinder wall. Sincef(1) = S, it may be readily shown from (18) that the axial position
z=a at which a particle leaves the cylinder in the case of blowing, or enters the cylinder in the
case of suction, is given bŷ =S. Thus the particles enter the cylinder atz=a = 0�2;2�0 and
20�0 in Figure 5(b).

Figure 5(c) shows the meridional streamlines for a blowing flow withR = 1, S = �1,
and
 = 20. The outward transpiration from the cylinder stops the radially inward stagnation
flow at r=a = � = 1�685, where ̂ = 0. Figure 5(d) shows two pathlines; one corresponds
to the interior streamlinê = �0�2 and the other to the exterior streamline ̂ = 0�2, both
labeled in Figure 5(c). Outside the boundary layer the thin pathline approaching the cylinder
from above follows a trajectory similar to those in Figure 5(b). Once it enters the boundary
layer of the azimuthal flow it picks up a swirl component of velocity and spirals around the
cylinder. The bold pathline leaving the cylinder atz=a = 0�2 moves radially outward as it
rotates in the flow of the azimuthal boundary layer. These interior pathlines converge rapidly
to the surfacer=a = � of zero radial velocity. Indeed, all particles approaching from infinity
and all particles passing through the cylinder wall tend to the zero radial velocity surface as
z ! �1, and hence the circlesr=a = � at positive and negative infinity may be considered
as ‘attractors’ for the flow.

Other descriptors of the kinematics, such as the local spiral flow angle in ther � � plane,
the local helical flow angle in ther � z plane, and the flow helicity (Moffatt [12]) have
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been computed by Cunning [13]. There it is shown that the helicity is everywhere finite for
suction flows, while for zero transpiration and blowing flows the helicity becomes infinite as
z ! �1.

5. Discussion and conclusion

We have investigated the effects of cylinder rotation and transpiration on radial stagnation
flow, using both numerical integration and asymptotic analysis. A coordinate separation of
the velocity and pressure fields reduces the Navier-Stokes equations to aprimary nonlinear
equation for the meridional flow and a coupled linearsecondaryequation for the azimuthal
flow. Numerical solutions are obtained over a range of stagnation-flow Reynolds numbersR

and dimensionless transpiration numbersS. The computed shear-stress parameters approach
the asymptotic behaviors found forRS � 1 in the case of suction and forRjSj � 1 for
blowing. The fact that all numerical solutions blend accurately onto the asymptotic results
provides a validation of the numerical results; this is a particularly rigorous test of the numerics
since the asymptotic regions of the flow coincide with theR-S parameter space regime where
the equations become increasingly stiff.

The velocity profiles for blowing have interesting structures. Each set of axial velocity
profiles at fixedR shows that the surfacer=a = � of zero radial velocity moves ever closer to
the outer edge of the boundary layer as blowing increases. The numerics show that this surface
is also the center of a cylindrical free shear layer that develops in the azimuthal flow at large
values ofjSj. The free shear layer is always connected to a wall boundary layer which has the
distinct feature that its shear-stress parameterg0(1) = 0 is Reynolds-number-independent as
jSj ! 1. The essential mathematical description of the structure of these boundary layers is
encompassed in the largeRjSj asymptotic analysis given in Section 3.2. There we have shown
that the axial boundary layer simply thickens with increasing blowing; the swirling flow, on
the other hand, develops into a separated circular free shear layer with error-function behavior
of thicknessO[a(RjSj)�1=2] centered onr=a = �, connected to an ever present wall viscous
layer.

Blown-off boundary layers that evolve into free shear layers have been identified previously.
The separation of a Blasius boundary layer by injection through the surface of a flat plate was
the subject of studies by Kassoy [14], Klemp and Acrivos [15], and others. The separated
viscous shear layer in this case follows a parabolic trajectory emanating from the leading edge
of the plate. More akin to the present problem is the study by Kuiken [16] on the separation,
by strong normal blowing, of the Ḱarmán boundary-layer formed on an infinite disk rotating
beneath a quiescent fluid. Here, the swirling boundary layer flow is blown away to form a
thin flat viscous layer standing above an inviscid region of uniform depth, analogous to the
uniform radial stand-off distancer=a = � in the present problem. Direct injection is not the
only manner by which boundary layers may be blown away. For example, Riley and Weidman
[17] analyzed the structure of the boundary layer formed on a flat plate moving into its leading
edge origin with constant speed, opposite to that of the uniform mainstream. In that problem,
the boundary layer is forced away from the wall to form a free shear layer with no remnant
of the wall boundary layer left behind. When uniform cross-flow is superposed, Weidman
[18] found that both the primary (streamwise) flow and the secondary (cross-flow) blow off
simultaneously, an evident fact that the secondary flow is slaved to the primary flow.

The thickening of the axial boundary layer with increased blowing against radial flow
stagnating on a circular cylinder is consistent with the effects of injection in generalized
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three-dimensional flows stagnating on a flat surface. Libby [20], among others, has shown
that Hiemenz, Homann, and the generalized Howarth [21] stagnation-flow boundary layers
simply thicken with increasing injection of the same fluid. Massive injection of a different
miscible fluid, on the other hand, does produce a thin viscous free shear layer across which
the fluid composition also changes. The unexpected development of a separated circular shear
layer in the swirling flow, not slaved to a blown-off shear layer in the primary flow, deserves
special attention. The free shear layer owes its existence to a change of sign in the inertia term
in Equation (7) which is wrought by the sign change in radial velocity atr=a = �. Thus, the
development of the circular free shear layer is still directly linked to the stagnation flow, even
though the latter does not itself exhibit a blown-off shear layer.

The axial velocity profiles show that at fixedR the boundary layer thickness decreases
(increases) with increasing suction (blowing). We quantify this result by calculating the
displacement thickness�� produced by the viscous axial flow, defined as the defficiency
in axial mass flux in the viscous boundary layer relative to the inviscid axial mass flux.
Mathematically, the relation is

�w1(z)�[(�� + a)2� a2] = 2�
Z
1

a
�[w1(z) �w(r; z)]r dr; (42)

wherew1(z) is the axial component of the inviscid flow given in (3) andw(r; z) is the viscous
counterpart given in (5). Converting to the�-coordinate, we find

�̂�(�̂� + 2) =
Z
1

1
[1� f 0(�)]d�; (43)

where �̂� = �=a. Carrying out the integration, we find that the normalized displacement
thickness for the axial flow is governed by the quadratic equation

(�̂�)2 + 2�̂� + (1� S � �) = 0; (44)

where

� = lim
�!1

[� � f(�)]: (45)

For suction withRS � 1, the asymptotic behavior off(�) uniformly valid in � is given by
(21). Using this equation, we readily find the limit (45) to be

� = �(S � 1) +
1
RS

(RS � 1); (46)

and solution of (44), choosing the physically relevant (positive) root, furnishes the asymptotic
behavior for the displacement thickness

�̂� =
1
2

1
RS

(RS � 1): (47)

For blowing withRjSj � 1, the analysis in Section 3.2 gives the approximate asymptotic
result

�̂� = D � 1 (RjSj � 1); (48)
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Figure 6. Plot of the nondimensional axial boundary-layer displacement thickness as a function of transpirationS
for selected values ofR. The dashed lines are asymptotic results given by Equation (47) for suction and Equation
(48) for blowing.

whereD = D(R;S) appears in (36). This analytic result is only approximate because the
term�f 000 in (6) was neglected. A proper representation for�̂� at large blowing, asymptotic or
exact, can only be obtained by direct numerical integration of the full governing equation.

Figure 6 compares asymptotic suction and blowing results with values of�̂� computed
from Equation (44) using eaxct numerical results to find� for a range of values ofS at
R = 0:1;0:5;1 and 10. We can clearly see that increasing the blowing at fixedR increases
the displacement thickness, andvice versa. The bold dashed line is a plot of the approximate
asymptotic behavior given in (48) forR!1, showing independence of�̂� onR in this limit,
in agreement with the numerical results. However, the approximate large blowing asymptotic
prediction is somewhat smaller than the exact numerical results for�̂�. For suction withS > 0,
the decrease in displacement thickness is seen to converge to the asymptotic prediction (47)
rather quickly, in the neighborhoodRS � 5.

To summarize, an exact separable solution to the Navier-Stokes equations for exterior radial
stagnation flow approaching a rotating cylinder with uniform transpiration is presented. The
parameter spaceR andS of solutions is covered completely by a combination of numerical
integrations and asymptotic analysis. An interesting development is observed at large values
of blowing where a cylindrical free shear layer separates out from the attached wall layer. We
note in closing that the problem of radial stagnation flowinterior to a cylinder, formed by
blowing through the surface of a smaller concentric cylinder or from a line source coincident
with the cylinder axis, has been reported recently by Marquès,et al. [19].
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